We consider space-time models with pure radiation, which admit integration of the eikonal equation by the method of separation of variables. For all types of these models, the equations of the energy-momentum conservation law were integrated.
I. INTRODUCTION
At present, activity has increased in the field of studying realistic cosmological models, which is due to observational data on the accelerated expansion of the universe, the presence of isotropy disturbances in background cosmological radiation, and so on. If Einstein's theory of gravity is correct, then there must exist "dark" energy and "dark" matter, which interact gravitationally, but do not interact electromagnetically. The study of the properties of these exotic substances is based on astrophysical observations and theoretical modeling sometimes leads to exotic equations of state.
There is another option implemented, in which GR is an approximation to a more realistic theory of gravity, the search for which is also actively pursued. In any case, the situation needs new ideas, methods and tools for studying problems of cosmology and astrophysics.
In this research, we propose an approach to the modeling of space-time with pure radiation based on a combined approach with the following requirements:
• realistic theory of gravity is a metric theory, i.e. Gravity is modeled by a metric tensor, and free bodies and radiation move along the geodesic lines of space-time;
• the law of conservation of energy-momentum of matter is satisfied;
• to construct integrable models, we will use spaces that allow the integration of the eikonal equation by the method of separation of variables.
As will be shown later, for the space-time models that meet these requirements, one can integrate the equations of the energy-momentum conservation law and obtain expressions for the energy density and the wave vector of pure radiation in the form of functional expressions in terms of functions included in the space-time metric. The explicit form of the field equations of any gravitation theory is not required.
Solutions are written in coordinate systems that allow separation of variables in the eikonal equation. At the same time, part of the solutions obtained includes the use of an isotropic (wave-like) variable, which is used in modeling wave processes similar to electromagnetic or gravitational radiation (massless fields).
In this paper, we find and enumerate all types of models considered. The results obtained can be used when comparing similar models in Einstein's theory of gravity and in various modified theories of gravitation.
When considering metric theories of gravity, then the motion of the test particles and radiation along geodesic lines, just as like the law of conservation of energy-momentum of matter, remain unchanged theory fundamentals:
where T ij is the energy-momentum tensor of matter.
Therefore, to study and compare modified theories of gravity, the use of space-time models that allow the existence of coordinate systems, where the eikonal equation for massless test particles (null geodesic line for the metric g ij )
or the Hamilton-Jacobi equation for test uncharged mass test particles (an analogue of the geodesic equations)
or the Hamilton-Jacobi equation for a charged test particle in an electromagnetic field (with
allowing integration by the method of complete separation of variables is of great interest (S is the action of the test particle in the Hamilton-Jacobi formalism, S ,i = ∂S/∂x i ).
For these models, as it turns out, it is possible to integrate the differential equations of energy-momentum conservation law (1) for dust matter with the energy-momentum tensor of the form
where ρ -energy density of dust matter and u i -field of the four-velocity of dust matter.
The same situation and for pure radiation (in the high-frequency approximation of geometric optics) with the energy-momentum tensor of the form
where ε -energy density and L i -wave vector of radiation.
As a result, for the energy density of dust matter ρ and radiation ε , for the field of four-velocity of matter u i and for the wave vector of radiation L i functional expressions can be obtained only through the space-time metric.
Thus, in these models, the use of field equations of specific theories of gravity can be reduced only to equations for the metric of space-time.
The spaces in which integration of the eikonal equation (2) Stackel space-times (SST) application in gravitation theories (refs. 7-14) is based on the fact that exact integrable models can be developed for these spaces. The majority of well-known exact solutions is classified as SST (Schwarzschild, Kerr, Friedman-RobertsonWalker, NUT, etc.). It is important to note that the other single-particle equations of motion -Klein-Gordon-Fock, Dirac, Weyl -admit a separation of variables in SST. The same method can be used to obtain solutions in the theories of modified gravity (refs. 15-17).
II. PURE RADIATION IN CONFORMALLY STACKEL SPACE-TIMES
The Stackel spaces type is defined by a set of two numbers (N. Stackel spaces metrics are conveniently written in privileged coordinate systems in a contravariant form. The coordinates of space-time will be numbered from 0 to 3 by indices i, j, k. Ignored variables (on which the metric does not depend) will be numbered in indices p, q, r and non-ignored by Greek letters (indices) µ, ν, σ.
The following notation will be used in the paper:
where g ij is the space-time metric, ε is the energy density of radiation and ∆ is the conformal factor of metric g ij .
For conformally Stackel spaces the conformal factor of metric is an arbitrary function of all variables.
In the privlieged coordinate system, the wave vector of the radiation has a "separated" form, i.e. the corresponding covariant components of the wave vector depend only on one
Later in the paper we obtain a functional form of the energy density and the wave vector of radiation for all types of conformally Stackel space-times in privileged coordinate systems (where the separation of variables in the eikonal equation (2) is allowed).
A. Conformally Stackel space-times (3.0) type
Conformally Stackel space-times (3.0) type admit three commuting Killing vectors. In the privileged coordinate system, the metric of a conformally Stackel space of type (3.0) can be written in the following form:
where
The wave vector of the radiation L i in the privileged coordinate system has the following "separated" form:
α, β, γ − const.
Wave vector norm condition (8) takes the form:
From the equations of the energy-momentum conservation law (1) we obtain:
here and in the sequel, a comma means a partial differentiation, and a prime means differentiation with respect to a single variable on which the function depends.
Using condition (13) and finding the integrals of equation (14), one can obtain expressions for the wave vector and the energy density of radiation. Below are listed all the solutions we have obtained for conformally Stackel space-times (3.0) type.
CSS (3.0) type, case (L
The wave vector of the radiation has the form:
For the energy density of radiation we obtain the expression:
is an arbitrary function of its variables.
For this degenerate case there is an additional condition for the functions of the metric (11):
The wave vector takes the form:
In this degenerate case, when one of the terms in (14) additionally vanishes together with L 0 (for example, the term with P ,1 ), we obtain additional conditions for the metric (11):
B. Conformally Stackel space-times (3.1) type
Conformally Stackel space-times (3.1) type admits 3 commuting Killing vectors
In a privileged coordinate system the metric of a conformally Stackel space-times (3.1) type can be written in the following form, where the variable x 0 is a null ("wave-like") variable:
The system of equations (1), (8) takes the form:
From equations (26)- (27) we can obtain functional expressions for the wave vector and the energy density of radiation. Below all the solutions for conformally Stackel space-times (3.1)
are listed.
CSS (3.1) type, case (α
CSS (3.1) type, case (L
In this degenerate case there are additional conditions for the metric (24):
where L 0 (x 0 ) and F (x 0 , Y, Z) are arbitrary functions of their variables.
C. Conformally Stackel space-times (2.0) type
Conformally Stackel space-times (2.0) type admit two commuting Killing vectors. In the privileged coordinate system, the metric can be written in the following form:
The wave vector of the radiation L i has the form:
From the norm condition (8) one can obtain:
From the conservation law (1) one can obtain the equation for the energy density of radiation:
Below are listed all the solutions for conformally Stackel space-times (2.0) type.
CSS (2.0) type, case (L
where F (X, Y, Z) is an arbitrary function of its variables.
Let us consider the degenerate case when L 0 = 0 or L 1 = 0 and fo rcertainty we take L 0 = 0 and L 1 = 0, then the wave vector will take the following form:
In this degenerate case there are additional conditions for the metric (39):
In this degenerate case, there are additional conditions for the metric (39):
The energy density of the radiation has the form:
where F (x 0 , x 1 , Z) is an arbitrary function of its variables.
D. Conformally Stackel space-times (2.1) type

Conformally Stackel space-times (2.1) type admits two commuting Killing vectors
In a privileged coordinate system the metric of a conformally Stackel space-times (2.1) type can be written in the following form, where x 1 is a null ("wave-like") variable:
The wave vector of radiation L i has the form:
From the conservation law (1), one can obtain the equation for the energy density of radiation:
From the system of equations (56)- (57) we can obtain functional expressions through the metric for the wave vector and the radiation energy density. Below all the solutions for conformally Stackel space-times (2.1) type are listed.
CSS (2.1) type, case L
The wave vector of radiation has the form:
CSS (2.1) type, case (αf
In this degenerate case, there are additional conditions for the metric (53):
The wave vector of radiation has the form (β = γ = 0):
CSS (2.1) type, case L
α, β, γ, p, q, r -const.
CSS (2.1) type, case 4.
where L 1 (x 1 ) and F (x 0 , x 1 , Z) are arbitrary functions of their variables.
E. Conformally Stackel space-times (1.0) type
Conformally Stackel space-times (1.0) type admits one Killing vector, and in a privileged coordinate system the metric of this space-time can be written in the following form:
From equations (1), (8) we have:
From this system of equations we obtain functional expressions for the wave vector and the radiation energy density through the metric. Below are listed all the solutions for conformally
Stackel space-times (1.0) type.
CSS (
In this degenerate case, when one of the components of the wave vector L µ becomes zero
we have an additional condition for the metric (69):
In this degenerate case, when two of the components of the wave vector L µ becomes zero (for definiteness, let L 1 = 0, L 2 = L 3 = 0) we have additional conditions for the metric (53):
where α, β, γ -const.
is an arbitrary function of its variables. 
The wave vector of radiation has the following "separated" form:
Stackel space-times (1.1) type.
CSS (1.1) type, case α = 0.
In this degenerate case, when L 0 = 0, we obtain an additional condition for the metric (80):
The wave vector of the radiation L i has the following form (γ = 0):
where F (x 1 , Y, Z) and L 1 (x 1 ) are arbitrary functions of its variables.
In the degenerate case, when one of the components of the wave vector L 3 becomes zero (similarly for L 2 with the replacement of the indices 3 by 2) we have additional conditions for the metric (53):
The wave vector of the radiation L i has the following form:
is an arbitrary function of their variables.
G. Conformally Stackel space-times (0.0) type
The metric of conformally Stackel space-times (0.0) type in a privileged coordinate system can be written in the following form:
where functions a, b, c are functions of only one variable whose index corresponds to the lower index of the function. For example a 0 = a 0 (x 0 ),
The wave vector of the radiation in a privileged coordinate system has the following "separated" form:
From the law of energy-momentum conservation (1) and condition (8) we have:
Stackel space-times (0.0) type.
CSS (
The wave vector of the radiation L i has the following form (α, β, γ -const):
CSS (0.0) type, case 2.
In the degenerate case, when one of the components of the wave vector turns to zero (for definiteness a component with the number i = 0, that is, L 0 = 0), then we obtain an additional condition for the metric (93):
For the wave vector of radiation L i we obtain:
where F (x 0 , X, Y ) is an arbitrary function of its variables.
CSS (
In the degenerate case, when the two components of the wave vector vanish (let it be the components L 0 = 0, L 1 = 0), then we obtain additional conditions for the metric (α, β, γ -const):
αa 0 + βb 0 + γ = 0, αa 1 + βb 1 + γ = 0.
For the wave vector of radiation we have:
where F (x 0 , x 1 , Y ) is an arbitrary function of its variables.
Note that for Stackel space-times (0.0) type the three components of the wave vector of the radiation can not be zero, since this leads to a violation of the norm condition.
III. CONCLUSION
In the paper we obtain and enumerate all solutions of the equations of the energymomentum conservation law of pure radiation for models of space-times that admit separation of variables in the eikonal equation.
The forms of the energy-momentum tensor of pure radiation (energy density and wave vector of radiation) for all types of space-times under consideration are obtained. In privileged coordinate systems (where the separation of variables is admitted), the energy density and the wave vector of the radiation are determined through functions of the space-time metric.
The results obtained can be used to construct integrable models for various metric theories of gravitation, including for comparing similar models in the theory of gravity of Einstein and in modified theories of gravity.
